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Abstract
We study the class of algebras having a path of nonisomorphisms from an indecomposable
injective module to an indecomposable projective module and any such path is bounded by a fixed
number. We show that such an algebra is an iteration of one-point extensions starting at a product of
tilted algebras. This allows us to describe, for instance, its Auslander–Reiten quiver.
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There are several important classes of algebras where there are bounds in the lengths
of paths from indecomposable injective modules to indecomposable projective ones. This
is true, for instance, for the class of quasitilted algebras, introduced in [9] to obtain a
common treatment of both the classes of tilted algebras [10] and of canonical algebras [14].
This class has been a central object of investigation in the representation theory of finite-
dimensional algebras.
Another example of such algebras is the so-called shod algebras, introduced in [5] with
the aim of extending some results on quasitilted algebras, specifically the existence of a
trisection in their module categories. Following [9], denote by LA (or by RA) the full
sub-category of modA consisting of all indecomposable A-modules whose predecessors
(or successors) have projective dimension (or injective dimension, respectively) at most
one. A shod algebra A can be characterized by the property that each indecomposable
A-module lies in one of the classes LA or RA.
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phisms from an indecomposable injective module to an indecomposable projective module
and any such path is bounded by a fixed number, and give a description of those which are
not quasitilted in terms of tilted algebras and iteration of one-point extensions. To be more
precise, we say that an algebra A is weakly shod provided there exists a positive integer
n0  0 such that any path of nonzero nonisomorphisms from an indecomposable injective
A-module to an indecomposable projective A-module has length bounded by n0.
One important ingredient in our study is the notion of pip-bounded component as
introduced in [6]. We say that a nonsemiregular component Γ of the Auslander–Reiten
quiver ΓA of an algebra A is pip-bounded provided there is an n0  0 such that the length
of any path of nonzero nonisomorphisms from an indecomposable injectiveA-module in Γ
to an indecomposable projective A-module in Γ is bounded by n0. It was shown in [6] that
a pip-bounded component is generalized standard and has no oriented cycles. Now, if A is
weakly shod, then clearly any nonsemiregular component is pip-bounded. Our main result
can be resumed as follows. Denote by PfA the set of all indecomposable projective A-
modules P such that there exists a path of nonzero morphisms from an indecomposable
injective to P .
Theorem. Let A be a connected weakly shod algebra with PfA = ∅. Then there are algebras
B = At, . . . ,A0 =A and Ai-modules Mi for each i = 1, . . . , t such that
(a) B is a product of tilted algebras.
(b) Ai =Ai+1[Mi+1] for each i = 0, . . . , t − 1.
(c) For each i = 0, . . . , t − 1, the extended projective Ai -module is a maximal element in
PfAi with the order induced by the existence of paths between its elements.
As a consequence we get a description of the Auslander–Reiten quiver ΓA of a weakly
shod algebra A which is not quasitilted. The quiver ΓA has a unique distinguished
component Γ which is faithful and pip-bounded which plays a similar role in the
Auslander–Reiten quiver ΓA of a weakly shod algebra A as the connecting component
of a tilted algebra. Such a component Γ divides ΓA into two parts which connects each
other through Γ . The other components of ΓA are components of tilted algebras, whose
description is well known (see Section 5 bellow).
The proof of these results will be given along the paper. In Section 1 we establish
some notations and recall results from [6] concerning pip-bounded components. As in the
quasitilted and shod cases, we shall consider the two special subcategories LA and RA of
indA. In Section 2 we will show that weakly shod algebras can be characterized by the
properties:
(i) LA ∪RA is cofinite in indA; and
(ii) none of the nonsemiregular components of ΓA has oriented cycles.
The study of the relations between the subcategories LA and RA and the quiver ΓA
is an important feature in the proofs of our main results. This will mainly be done in
Section 3. Section 4 contains the description of weakly shod algebras as an iteration of one-
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and faithfulness of the pip-bounded component when the algebra is connected. In the last
section we complete the proofs of our main results, give some consequences and exhibit
an example.
The theorem above can be dualize using one point coextensions. However, we shall not
discuss it here, the interested reader will not have much difficulty to do so.
Versions of these results for shod algebras were presented in the congresses of Bielefeld
(ICRA 8,5 – 1998) and São Paulo (CRASP – 1999). During the preparation of this work,
we have learned that Reiten and Skowron´ski have independently characterized the shod
algebras in [13].
1. Preliminaries
1.1. Along Sections 1 to 3, all algebras are connected Artin algebras. From Section 4
on, when we deal with one-point extensions, we shall restrict our discussion to finite-
dimensional K-algebras, where K is a fixed algebraically closed field. For an algebra A,
we denote by modA the category of all finitely generated left A-modules, and by indA a
full subcategory of modA having as objects a full set of representatives of the isomorphism
classes of indecomposableA-modules. Denote by rk(K0(A)) the rank of the Grothendieck
group of A, which equals the number of simple A-modules [1].
For X,Y ∈ indA, denote by radA(X,Y ) the set of the morphisms f :X→ Y which are
not isomorphisms and by rad∞A (X,Y ) the intersection of all powers radiA(X,Y ), i  1, of
radA(X,Y ). We indicate by rad∞(modA) the ideal in modA generated by all morphisms
in rad∞A (X,Y ) for some X,Y ∈ indA.
1.2. For an algebra A, denote by ΓA its Auslander–Reiten quiver, by τA the Auslander–
Reiten translation DTr and by τ−1A its inverse. We say that an indecomposable A-module
X is right stable, left stable or stable provided τnAX = 0 for each n  0, n  0 and for
any n, respectively. For a connected component Γ of the Auslander–Reiten quiver ΓA
of A, denote by sΓ the full subquiver of Γ generated by the stable modules in Γ . For
unexplained notions on representation theory, we refer the reader to [1].
1.3. Let A be an algebra and let X be an A-module. We shall denote by pdAX and by
idAX the projective dimension and the injective dimension of X, respectively. We shall
need the following results whose proofs can be found in [1]:
(i) pdAX  1 if and only if HomA(I, τAX) = 0 for each indecomposable injective
module I .
(ii) idAX  1 if and only if HomA(τ−1A X,P) = 0 for each indecomposable projective
module P .
Also, gl.dimA will denote the global dimension of A, that is, the supremum of the set
{pdAX: X ∈modA}.
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a sequence
X =X0 f1−→X1 f2−→ · · · ft−1−→Xt−1 ft−→Xt = Y (∗)
(t  0) where all Xi lie in indA, and all fi are nonzero. We write in this case X❀ Y ,
and say that X is a predecessor of Y , or that Y is a successor of X. Observe that each
indecomposable module is a predecessor and a successor of itself. When all morphisms
fi ’s in the path (∗) are irreducibles, then we say that (∗) is a path of irreducibles or, simply,
a path in ΓA. A path in ΓA starting and ending at the same module is called an oriented
cycle.
A hook in (∗) is a j , 1 j  t − 1, such that
Xj−1
fj−→Xj fj+1−→Xj+1
satisfies: (i) fj and fj+1 are irreducible maps; and (ii) τAXj+1 = Xj−1. A path of
irreducible maps without hooks is called a sectional path.
A refinement of (∗) is a path
X =Z0 g1−→Z1 g2−→ · · · gu−1−→Zu−1 gu−→ Zu = Y
in indA from X to Y such that there exists an order-preserving function σ from {1, . . . ,
t − 1} to {1, . . . , u− 1} such that Xi ∼=Zσ(i) for each 1 i  t − 1.
1.5. We recall the following result from [15] which will be very useful lately.
Theorem. Let A be an Artin algebra and let f be a nonzero morphism in rad∞A (X,Y ).
Then, for each t  1,
(a) there exists a path
X =X0 f1−→X1 f2−→ · · · ft−→Xt gt−→ Y
where f1, . . . , ft are irreducible maps and gt ∈ rad∞A (Xt , Y );
(b) there exists a path
X
g′t−→ Yt f
′
t−→ Yt−1
f ′t−1−→ · · · f
′
2−→ Y1
f ′1−→ Y0 = Y
where f ′1, . . . , f ′t are irreducible maps and g′t ∈ rad∞A (X,Yt ).
1.6. We shall now recall some results from [6] concerning an special class of compo-
nents of the Auslander–Reiten quiver of an algebra. Recall first that a component Γ of
ΓA for an algebra A is generalized standard if rad∞A (X,Y )= 0, for all X,Y ∈ Γ . By [16,
(2.3)], any generalized standard component has only finitely many τA-orbits not containing
modules lying in oriented cycles.
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(1) The following statements are equivalent:
(a) There exists an m0 such that any path in indA from an injective module in Γ to
a projective module in Γ pass through at most m0 hooks.
(b) There exists an n0 such that any path in indA from an injective module in Γ to
a projective module in Γ has length at most n0.
(c) Given X,Y ∈ Γ , there exists an m1 =m1(X,Y ) such that any path in indA from
X to Y pass through at most m1 hooks.
(d) Given X,Y ∈ Γ , there exists an n1 = n1(X,Y ) such that any path in indA from
X to Y has length at most n1.
(2) If Γ satisfies one of the above conditions, then:
(a) Γ is generalized standard and has no oriented cycles.
(b) Given X,Y ∈ Γ , no path in indA from X to Y pass through a morphism in
rad∞(modA).
Proof. (1) The proof of the equivalence between (a) and (b) can be found in [6, (4.1)]. The
implications (c) ⇒ (a) and (d)⇒ (c) are easy to see. Then the result will follow once we
prove (b)⇒ (d).
Let X,Y ∈ Γ . Assume that the condition (b) holds and suppose there exist paths of
arbitrary length from X to Y . Then, for each t  1, there exists a path
X =X0 f1−→X1 → ·· · ft−→Xt (∗)❀Yt gt−→ Yt−1 → ·· ·→ Y1 g1−→ Y0 = Y,
where f1, . . . , ft , g1, . . . , gt are irreducible maps and (∗) is a path in indA of length greater
than n0.
It follows from [6, (3.4), (3.5)] that any component satisfying condition (1)(b) has only
finitely many τA-orbits and no oriented cycles. Hence, we infer that there are modules Z1
and Z2 such that for each n 0, there is a path X
∆′n❀ τ−nA Z1 ∆n❀ τnAZ2 ∆
′′
n❀ Y where ∆′n and
∆′′n are paths in ΓA and ∆n is a path in indA of length greater than n0. Observe that, in
particular, Z1 is right stable while Z2 is left stable. Since Γ has injective modules, let
I =U0 −U1 − · · · −Ur =Z′1
be a walk of minimal length between an injective I ∈ Γ and a module Z′1 in the τA-
orbit of Z1. By the minimality property, we infer that U1, . . . ,Ur are right stable modules.
So, by applying τ−1A , we get a path from I to a module in the τA-orbit of Z1, let us say
τ
l1
AZ1. Using a dual argument, one can show that there exists an l2 such that τ
l2
AZ2 is a
predecessor in ΓA of a projective. If l =max{|l1|, |l2|}, we get a path from an injective in
Γ to a projective in Γ containing a subpath ∆l with length greater than n0, a contradiction
to (1)(b).
(2) It has been proven in [6, (4.3), (3.4)] that condition (1)(b) implies (2)(a).
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rad∞(modA). So, using Section 1.5, for each t  1, there exists a path
X = Y0 → Y1 →·· ·→ Yt → Z
in indA, contradicting (1)(d), and the result is proven. ✷
1.7. Recall the following definition from [6].
Definition. Let A be an Artin algebra. A nonsemiregular component Γ of ΓA satisfying
one of the equivalent conditions (1)(a)–(1)(d) in the above theorem is called pip-bounded
component.
1.8. Examples. (a) Let A be the K-algebra given by the following quiver ∆:
with αiβ = γ δi = 0, for i = 1,2. The Auslander–Reiten quiver ΓA of A consists of:
(i) the postprojective component and the family of orthogonal homogeneous tubes
corresponding to the Kronecker algebra given by the full subquiver of ∆ containing
only the vertices 1 and 2;
(ii) the preinjective component and the family of orthogonal homogeneous tubes
corresponding to the Kronecker algebra given by the full subquiver of ∆ containing
only the vertices 5 and 6; and
(iii) a component Γ with the following shape:
Observe that here the length of any path from an indecomposable injective to an
indecomposable projective is bounded by 8.
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component. Let A be the K-algebra given by the following quiver ∆:
with αiβ1 = γ1δi = δi"1 = 0 for i = 1,2 and αjβ2 = γ2δj = δj "2 = 0 for j = 3,4. The
Auslander–Reiten quiver of A contains two components like the one described in the
item (iii) of the previous example. Unlike there, here we have paths from injective modules
to projective modules of arbitrary length (for instance, from any of the injectives I2 or I8
to the projective P13).
1.9. For later reference, we recall the following results proven in [7].
Lemma. Let A be an Artin algebra and let n be the rank of the Grothendieck group K0(A)
of A. Let Γ be a component of ΓA and Γ ′ be a connected component of the stable part
sΓ of Γ . Assume that Γ ′ has infinitely many τA-orbits and has no oriented cycles. Let M
be a module in Γ ′ such that the length of any walk in Γ from a nonstable module to M
is at least 2n. Then, for each r  1, there exists a path from M to τ rAM passing through
modules of Γ .
1.10. Corollary. Let A be an Artin algebra and let Γ be a regular component of ΓA with
infinitely many τA-orbits. Then, for each M ∈ Γ and each r  1, there exists a path in
indA from M to τ rAM .
1.11. We shall also need the following result from [6].
Lemma. Let A be an Artin algebra, let Γ be a component of ΓA and let M,N ∈ Γ . Then
(a) there exists an integer n such that τnAN is a successor (by irreducible maps) of M or
is a successor (by irreducible maps) of an injective;
(b) there exists an integer m such that τmA N is a predecessor (by irreducible maps) of M
or is a predecessor (by irreducible maps) of a projective.
1.12. We shall end this section by recalling the notions of tilted and quasitilted algebras.
The class of tilted algebras was introduced in [10]. For a given algebra A, an A-module
T is called tilting provided: (i) pdA T  1; (ii) Ext1A(T ,T ) = 0; and (iii) there exists a
short exact sequence 0 → A→ T ′ → T ′′ → 0, where T ′, T ′′ ∈ addT , the additive full
subcategory of modA generated by the indecomposable summands of T . There is a nice
relation between the categories modA and mod(EndA T ) when T is a tilting A-module,
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hereditary, the endomorphism algebra EndA T is called tilted. One of the striking features
of a tilted algebra is the existence of a component, called connecting, in its Auslander–
Reiten quiver containing a complete slice (see [10] for details). This component is unique
unless the tilted algebra is concealed, that is, the tilting module it is defined from is either
postprojective or preinjective. In this case, there are exactly two connecting components
(a postprojective and a preinjective component).
1.13. Quasitilted algebras were introduced in [9] in order to give a more general
approach to the tilting theory including not only the tilted algebras but also the canonical
algebras. We shall not give here full definitions but quasitilted algebras are endomorphism
algebras of tilting objects over locally finite hereditary Abelian R-categories, where R is a
commutative Artin ring. Recently, all such categories having tilting objects were classified
by Happel in [8]. A quasitilted algebra A can also be characterized by the properties:
(i) gl.dimA 2; and (ii) for each indecomposable A-module X, pdAX 1 or idAX 1.
2. Weakly shod algebras
2.1. In order to extend some results proven for quasitilted algebras, we have introduced
in [5] the class of shod algebras, which we shall now recall. Let A be an algebra.
Following [9], denote by LA and RA the following subcategories of indA:
LA = {X ∈ indA: pdA Y  1 for each predecessor Y of X},
RA = {X ∈ indA: idA Y  1 for each successor Y of X}.
We recall the following result from [5].
Theorem. The following statements are equivalent for an algebra A:
(a) For each indecomposable A-module X, pdAX  1 or idAX  1.
(b) LA ∪RA = indA.
(c) Any path from an indecomposable injective module to an indecomposable projective
module can be refined to a path of irreducible maps and any such refinement has at
most two hooks, and, in case there are two, they are consecutive.
Moreover, for such an algebra,
HomA(RA,LA\RA)= 0=HomA(RA\LA,LA ∩RA).
An algebra satisfying one of the properties in the above theorem is called shod (for
small homological dimension). It follows from [9, II.1.1] that a shod algebra has global
dimension at most 3 and, clearly, a quasitilted algebra is a shod algebra of global dimension
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above theorem shows that there exists a trisection in indA given by
indA= (LA\RA)∨ (LA ∩RA)∨ (RA\LA)
with nonzero morphisms going only from left to right. This trisection was first established
for quasitilted algebras in [9].
2.2. Here, we are interested in a larger class of algebras, namely those A such that the
length of any path in indA from an injective module to a projective module is bounded by
a fixed number. We shall use the results of [6] mentioned in the last section.
2.3. Definition. An algebra A is called weakly shod provided there exists a positive integer
n0 such that any path in indA from an injective A-module to a projective A-module has
length at most n0.
2.4. Remarks.
(a) Let A be a weakly shod algebra. Then any path in indA from an injective module
to a projective module can be refined to a path in ΓA. Indeed, suppose I (∗)❀ P is a
path in indA from an injective I to a projective P . Clearly, the path (∗) does not
pass through a morphism in rad∞(modA), otherwise it could be extended indefinitely
(using Section 1.5), contradicting the hypothesis on A. Hence (∗) can be refined to a
path of irreducible morphisms as claimed. In particular, the modules I and P lie in a
same component of ΓA, which is clearly a pip-bounded component.
(b) Let A be a connected representation-finite algebra. By [1, VII.2.1], ΓA is connected
and clearly finite. Then A will be weakly shod if and only if ΓA is a pip-bounded
component which is equivalent, in this case, to ΓA having no oriented cycles
(see Section 1.6). Hence A is weakly shod if and only if A is a directed algebra.
2.5. The next result relates weakly shod algebras and informations in the union
LA ∪RA.
Theorem. The following statements are equivalent for an algebra A:
(a) A is weakly shod;
(b) (i) LA ∪RA is cofinite in indA; and
(ii) none of the nonsemiregular components of ΓA has oriented cycles.
Moreover, in this case, any indecomposable module not belonging to LA ∪RA lies in a
pip-bounded component.
Proof. Let X ∈ indA and suppose X /∈LA∪RA. We claim that there exists a path in indA
from an injective to a projective passing through X. Indeed, since X /∈ LA, there exists a
path Y (∗)❀ X in indA such that pdA Y  2. By Section 1.3, we know that there exists an
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X /∈RA, there exists a path X (∗∗)❀ Z in indA such that idA Z  2. By Section 1.3, there
exists an indecomposable projective A-module P and a nonzero morphism g : τ−1A Z→ P .
Therefore,
I
f−→ τAY ❀ Y (∗)❀X (∗∗)❀ Z❀ τ−1A Z g−→ P
gives the required path and the claim is proven.
(a)⇒ (b) Suppose that A is weakly shod. By Remarks 2.4, we know that each path in
indA from an injective module to a projective module can be refined to a path of irreducible
maps. We then infer that there are only finitely many indecomposable modules lying in
paths in indA from an injective module to a projective one. Therefore,LA ∪RA is cofinite
in indA and (i) is proven. Also, any module not lying in LA ∪ RA has to belong to a
pip-bounded component by Remark 2.4.
To prove (ii) just observe that, since A is weakly shod, then any nonsemiregular
component of ΓA is pip-bounded and, therefore, without oriented cycles (by Section 1.6).
(b) ⇒ (a) Suppose now that LA ∪ RA is cofinite in indA and that none of the non-
semiregular components of ΓA has oriented cycles. Denote by X = indA\(LA ∪RA) and
suppose |X | = r . If A is not weakly shod, there would exist an indecomposable injective
I and an indecomposable projective P such that there are paths from I to P of arbitrary
length. Then, for each t  1, there exists a path (ξt ):
I =X0 f1−→X1 → ·· · ft−→Xt (θt )❀ Yt gt−→ Yt−1 → ·· ·→ Y1 g1−→ Y0 = P
where f1, . . . , ft , g1, . . . , gt are irreducible morphisms and (θt ) is a path in indA of length
greater than r + 1. Denote n= rk(k0(A)) and choose such a path (ξt ) for a t > n2 + 1.
Claim. Xt /∈LA.
We shall show that there exists a module of projective dimension at least 2 which is a
predecessor of Xt . Denote by (∗) the subpath of (ξt ) from I to Xt . If (∗) is not sectional,
there exists an l, 1  l  t − 1 which is a hook in (∗). Without loss of generality we can
assume that there are no hooks in {1, . . . , l − 1}. So, since I = Z0 f1−→ · · · fl−1−→ Zl−1 is
sectional, we infer that fl−1 · · ·f1 = 0 and then, by Section 1.3, pdAZl+1  2 and the
claim is proven in this case. Suppose now that (∗) is sectional. In particular, the modules
in (∗) are pairwise nonisomorphic (by [3]). Since t > n2, we infer that there exists an
u < t − n such that the subpath
Xu→Xu+1 → ·· ·→Xu+n→Xu+n+1 (∗∗)
of (∗) has no injective modules. Let now u i  u+ n+ 1. Since HomA(I,Xi) = 0 for
each i = 0, . . . , t , we infer that pdA(τ−1Xi)  2 (Section 1.3). It follows now from [16,A
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map α. The path
τ−1A Xp
α−→Xq fq+1−→Xq+1 → ·· ·→Xt−1 ft−→Xt
shows the claim.
By a dual argument, one can show that Yt /∈RA. In particular, the modules in the path
(θt ) belong to X . Suppose now (θt ) does not pass through a morphism in rad∞(modA).
Then the path (ξt ) can be refined to a path in ΓA and then I and P belong to a same
(nonsemiregular) component Γ . By hypothesis, Γ has no oriented cycles and then, in the
path (θt ), there are at least r + 1 nonisomorphic indecomposable modules belonging to X ,
a contradiction. In case (θt ) pass through a morphism h :Z′ → Z′′ in rad∞(modA), it
yields that, for each s  0, (θt ) can be refined to a path
Xt ❀ Z′ =Z0 h1−→Z1 →·· · hs−→Zs =Z′′❀ Yt
in indA, where hs · · ·h1 = 0. Denote by b = max{l(W): W ∈ X }. If s > 2b + 1, then by
the Harada–Sai lemma, there exists an j such that Zj /∈ X , again a contradiction and the
result is proven. ✷
2.6. The next example shows that LA ∪RA being cofinite in indA does not imply that
A is weakly shod.
Example. Let K be a field and let A be the radical square zero K-algebra given by the
quiver ∆:
The Auslander–Reiten quiver ΓA of A consists of:
(i) the postprojective component and the family of orthogonal homogeneous tubes
corresponding to the Kronecker algebra given by the full subquiver of ∆ containing
only the vertices 1 and 2;
(ii) the preinjective component and the family of orthogonal homogeneous tubes
corresponding to the Kronecker algebra given by the full subquiver of ∆ containing
only the vertices 4 and 5; and
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where the two copies of S3 are identified.
Observe that there are no morphisms from a component described in (ii) or Γ to
a component described in (i). So, there are no morphisms from injective modules to
any of the components described in (i). In particular, those components are contained
in LA. Dually, the components described in (ii) are contained in RA. Concerning the
component Γ , it is not difficult to see that LA contains all the modules in Γ which are
predecessors of S2 and RA contains all the modules in Γ which are successors of S4. We
then infer that LA ∪RA is cofinite in indA. On the other hand, it is not difficult to see that
there are paths from I2 to P4 of arbitrary length since they both belong to a cycle passing
through S3.
3. On the subcategories LA and RA
3.1. For a weakly shod algebraA, denote byPfA the set of all indecomposable projective
A-modules P such that there exists a path in indA from an injective module to P .
We are now interested in relating the subcategories LA and RA and the components of
the Auslander–Reiten quiver ΓA. It is not difficult to see that if PfA = ∅ (or even if any path
from an injective module to a projective module is sectional), then A is quasitilted [9] and,
in this case, such relation has been established in [7]. We shall now consider the general
case and, as we shall see, many of the results in this section generalize those of [7].
3.2. We start with the following lemmata.
Lemma. Let A be a weakly shod algebra and let Γ be a component of ΓA.
(a) If Γ ∩RA = ∅, then each right stable τA-orbit of Γ has an indecomposable module
in RA.
(b) If Γ ∩ LA = ∅, then each left stable τA-orbit of Γ has an indecomposable module
in LA.
Proof. We shall prove only (a) since the proof of (b) is dual.
(a) Let X ∈ Γ ∩ RA and let Y be a right stable module in Γ . It is not difficult to
see that there exists an integer m such that τmA Y is a successor of X or a successor of
an indecomposable injective module (Section 1.11). In the former case, the result follows
from the fact that RA is closed under successors.
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A is weakly shod, there exists an n0 such that any path in indA from an injective module
to a projective module has length at most n0. Clearly, the path
I
(∗)❀ τmA Y ❀ τn−1A Y ❀ τn−2A Y ❀ · · ·❀ τm−n0A Y = Z
has length greater than n0. So, there is no successor of Z which is projective. In particular,
all successors of Z have injective dimension at most one and then the τA-orbit of Y has a
module in RA, as required. ✷
3.3. Lemma. Let A be an algebra and let Γ be a component of ΓA.
(a) If Γ has projective modules, then each left stable τA-orbit of Γ has a module which
does not lie in RA.
(b) If Γ has injective modules, then each right stable τA-orbit of Γ has a module which
does not lie in LA.
Proof. We shall prove only (a) since the proof of (b) is dual.
(a) Let X′ ∈ indA lying in a left stable τA-orbit of Γ . Since Γ is connected and contains
a projective module, there exists a walk (∗): X′′ − · · · − P of minimal length between a
module X′′ in the τA-orbit of X′ and a projective module P in Γ . By minimality, each
module in (∗) except P is left stable and then there exists a path
X=X0 →X1 → ·· ·→Xt → P
where X lies in the τA-orbit of X′, and, for each 0 i < t , Xi is left stable. Hence, τAX
is a predecessor of the module τAXt which has injective dimension greater than one by
Section 1.3. In particular, τAX /∈RA, which proves the result. ✷
3.4. Corollary. Let A be a weakly shod algebra and let Γ be a pip-bounded component
of ΓA. Then Γ ∩LA = ∅ and Γ ∩RA = ∅.
Proof. If Γ is postprojective, then there exists a simple projective module lying in Γ ,
which clearly belongs to LA. Suppose Γ is not postprojective. Then there exists a left
stable module X ∈ Γ . Since Γ has no oriented cycles, the set {τ iAX: i  0} is infinite.
By Lemma 3.3, there is an r such that τ rAX /∈RA. So, for each s  r , τ sAX /∈RA. Since
LA∪RA is cofinite in indA, we infer that there exists an l such that τ lAX ∈ LA, as required.
The proof that Γ ∩RA = ∅ is similar. ✷
3.5. The next proposition together with Proposition 3.7 are the main results of this
section.
Proposition. Let A be a weakly shod algebra and Γ be a component of ΓA with finitely
many τA-orbits and no oriented cycles.
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(b) If Γ is right stable and Γ ∩LA = ∅, then Γ ⊂ LA.
Proof. We shall prove only (a) since the proof of (b) is dual.
(a) Suppose Γ has a module Y which does not lie in RA. Then there is a path Y (∗)❀ Z
in indA from Y to an indecomposable module Z of injective dimension greater than 1. If
Z is not in Γ , we infer that (∗) has a morphism in rad∞(modA). Using Section 1.5, given
t  1, there is a path
Y = Y0 f1−→ Y1 → ·· · ft−→ Yt ❀Z
in indA, where fi is irreducible for i = 1, . . . , t . Since Γ has only finitely many τA-orbits
and no oriented cycles, there exists a right stable indecomposable module M such that
given l  0, there exists a path from τ−lA M to Z. Therefore, no module in the τA-orbit of
M lies in RA, a contradiction to Section 3.2.
Suppose now Z ∈ Γ . So, there is a nonzero morphism from τ−1A Z to an indecomposable
projective P . Clearly, such a morphism lies in rad∞(modA) because Γ is left stable. Then,
by Section 1.5, for each t  1, there is a path
τ−1A Z =Z0
f1−→Z1 f2−→ · · · ft−→Zt ht−→ P
in indA where f1, . . . , ft are irreducible.
Again, since there are only finitely many τA-orbits in Γ , we infer that there exists
a module N such that given l  0, there is a module of injective dimension greater than
one which is a successor of τ−lA N (Section 1.3). In particular, the τA-orbit of N has no
modules in RA, again a contradiction to Section 3.2. ✷
3.6. Proposition. Let A be a weakly shod algebra and Γ be a regular component of ΓA.
(a) If Γ ∩RA = ∅, then Γ ⊂RA.
(b) If Γ ∩LA = ∅, then Γ ⊂ LA.
Proof. We shall prove only (a) since the proof of (b) is dual.
(a) Let X ∈ Γ ∩RA. Suppose first that Γ has oriented cycles. Then, by [11], Γ is an
stable tube and so any module in it is a successor of X. The result now follows from the
fact thatRA is closed under successors. Suppose now that Γ has infinitely many τA-orbits,
and let Y ∈ Γ . By Section 3.2, there exists an m such that τmA Y ∈RA because Γ is right
stable. Now, by Corollary 1.10, there is a path from τmA Y to Y and so Γ ∈RA.
The remaining case follows now from the above proposition. ✷
3.7. Proposition. Let A be a weakly shod algebra and let Γ be a component of ΓA which
is not generalized standard or contains oriented cycles.
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(b) If Γ contains an injective module, then Γ ⊂RA\LA.
Proof. We shall prove only (a) since the proof of (b) is dual.
(a) Suppose Γ is a component as in the statement and containing a projective module.
Observe that Γ is not a pip-bounded component (by Section 1.6), and so Γ is semiregular.
Moreover, by Section 2.5, Γ ⊂ LA ∪RA. So it suffices to show that Γ has no modules
in RA.
Case 1. Γ has oriented cycles.
Then, Γ is a semiregular tube with projective modules (by [12]). Observe that Γ
contains an infinite sectional path
· · ·→ Yt → Yt−1 → ·· ·→ Y1 → Y0, (∗)
where τ−1A Y0 is a summand of the radical of a projective module. Clearly, then, idA Y0  2
by Section 1.3 and so, Yj /∈RA, for each j . Also, any module in Γ is a predecessor of one
of the modules in (∗) and so Γ has no modules in RA.
Case 2. Γ is not generalized standard and has no oriented cycles.
Suppose first that Γ has infinitely many τA-orbits. Then, there exists a stable module
M ∈ Γ such that the length of a shortest walk from any module in the τA-orbit of M to a
nonstable module is greater than 2n, where n= rkK0(A). By Section 3.3, there exists an
integer s such that τ sAM /∈RA. If now Γ ∩RA = ∅, then there exists an integer r such that
τ rAM ∈RA (Secton 3.2). Using Secton 1.9, we infer that there is a path in indA from τ rAM
to τ sAM , a contradiction to the fact that RA is closed under successors.
It remains to consider the case where Γ has only finitely many τA-orbit.
Claim. There exist X,Y ∈ Γ , with Y /∈RA, such that rad∞A (X,Y ) = 0.
Since Γ is not generalized standard, there exists a nonzero morphism f ∈ rad∞A (X′, Y ′)
with X′, Y ′ ∈ Γ . By Section 1.5, given t  1, there is a path
X′ ht−→ Yt ft−→ Yt−1 → ·· · f1−→ Y0 = Y ′
in indA, where fi is irreducible for i = 1, . . . , t and ht ∈ rad∞A (X′, Yt ). Since Γ has no
oriented cycles and only finitely many τA-orbits, there exists a left stable module Y ′′ ∈ Γ
such that rad∞A (X′, τ rAY ′′) = 0 for infinitely many positive integers r . The claim now
follows again from Section 3.3.
Let now g be a nonzero morphism in rad∞A (X,Y ) with X,Y ∈ Γ and Y /∈RA. Again
by Section 1.5, given t  1, there is a path
X =X0 g1−→X1 g2−→ · · · gt−→Xt → Y
in indA, where gi is irreducible for i = 1, . . . , t . Using again the facts that Γ has no
oriented cycles and only finitely many τA-orbits, we infer that there exists a right stable
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Since Y /∈ RA, we infer that the τA-orbit of X′′ has no modules in RA. It then follows
from Section 3.2 that Γ ∩RA = ∅, which proves the result. ✷
3.8. We end this section with the following result which will also be useful later on.
Corollary. Let A be a weakly shod algebra.
(a) Any indecomposable projective module not belonging to LA lies in a pip-bounded
component.
(b) Any indecomposable injective module not belonging to RA lies in a pip-bounded
component.
Proof. (a) Let P be an indecomposable projective module not belonging to LA and let
Γ be the component of ΓA where P lies. Assume that Γ is not pip-bounded. Since A
is weakly shod, we infer that Γ is a right stable semiregular component. By Section 3.7,
we get that Γ is generalized standard and has no oriented cycles. Then, by Section 3.5,
we get that Γ ∩ LA = ∅. Observe now then that Γ is not a postprojective component
(because otherwise the simple projectives on it would belong to LA). Hence, there exists an
indecomposable projective module P ′ whose radical has a nonprojective indecomposable
direct summand X. Since idA τAX  2, we get that Γ has a module not lying in LA ∪RA,
a contradiction to Section 2.5. The item (b) follows from dual arguments. ✷
4. Iterated one-point extensions of tilted algebras
4.1. In this section, we will show that a weakly shod algebra A with PfA = ∅ can
be seen as an iteration of one-point extensions starting at a product of tilted algebras.
This description will allow us to, amongst other things, describe the Auslander–Reiten
quiver of such algebras. We fix a field K . From now on, all algebras are finite-dimensional
K-algebras.
4.2. Given an algebra B and a B-module M , the algebra
A= B[M] =
(
K 0
M B
)
is called the one-point extension of B by M . It is well known that the A-modules can
be described as triples (Kt ,X,f ), where X is a B-module and f :Kt ⊗K M → X is a
B-homomorphism. The indecomposable projective A-modules can then be described as:
(i) (0,P,0) where P is an indecomposable projective B-module; and (ii) the extended
projective A-module (K,M, id), whose radical is the module (0,M,0). Also, if I is an
injective B-module, then (0, I,0) is an injective A-module if and only if HomB(M, I)= 0.
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simply by X, because modB can be naturally embedded into modA. For more details on
this construction we refer the reader, for instance, to [1].
4.3. Let A be a weakly shod algebra with PfA = ∅. Observe that none of the projective
modules in PfA lie in a cycle since otherwise there would exist paths in indA from an
injective to a projective with arbitrary length. We can then define in PfA an order as follows:
P  P ′ ⇐⇒ ∃ a path P ❀ P ′ for P,P ′ ∈PfA.
4.4. Lemma. Let A = B[M] be a weakly shod algebra. Then there exists an r  0 such
that τ rBM ∈ addLB or τ rBM is projective.
Proof. Since A is weakly shod, there exists an n0 such that any path in indA from
an injective A-module to a projective A-module has length at most n0. If now there is
an r  0 such that τ rBM is projective, we are done. Suppose then that there exists an
indecomposable summand M ′ of M such that, for each r  0, τ rBM ′ is not projective
and does not lie in LB . Let s > n0 and consider a predecessor X ∈ indB of τ sAM ′ with
pdB X  2. In particular, there exists a path ξ :X❀M ′ in indB of length greater than n0
which can be lifted to a path ξˆ : (0,X,0)❀ (0,M ′,0) in indA of length greater than n0.
Observe that pdA(0,X,0) 2 and then, there exists an injective I and a nonzero morphism
α : I → τA(0,X,0). The path
I
α−→ τA(0,X,0)❀ (0,X,0) ξˆ❀ (0,M ′,0)→ (K,M, Id)
gives a path in indA from an injective module to a projective module with length greater
than n0, a contradiction. ✷
4.5. Lemma. Let A= B[M] be a weakly shod algebra with PfA = ∅, where the extended
projective is a maximal element in PfA . Then B is a product of weakly shod algebras.
Proof. Let Γ be the component of ΓA where the extended projective lies. Clearly, Γ is
a pip-bounded component. Suppose B is not weakly shod. Then, there are paths in indB
from an injective I to a projective Q of arbitrary length. Consider, for each t  0, a path
θt : I ❀ Q in indB of length greater than t . Suppose first that HomB(M, I) = 0. Then
(0, I,0) is an injective module in indA. Since the paths θt can be lifted to paths θˆt in indA,
we get paths there from the injective module (0, I,0) to the projective (0,Q,0) of arbitrary
length, a contradiction. Suppose now that there exist an indecomposable summand M ′
of M and a nonzero morphism α :M ′ → I . Hence, there exists, for each t  0, a path
ξt :M
′ α−→ I θt❀Q in indB of length greater than t . Lifting them to indA, one gets paths
(0,M ′,0)❀ (0,P,0) in indA of arbitrary length. Clearly, (0,M ′,0) ∈ Γ and since by
Section 1.6 there are no paths of arbitrary length between two modules in Γ , we infer
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rad∞(modA). Using Section 1.5, for each s  1, there is a path
(
0,M ′,0
)= Y0 f1−→ Y1 →·· ·→ Yt−1 ft−→ Yt ht−→ (0,Q,0)
where f1, . . . , ft are irreducible. Clearly, using Section 1.6 and Section 1.11, there exists
an j such that Yj is either a successor of P or a successor of an injective. In the former
case we get a contradiction with the maximality condition on P while in the latter case, we
get a path from an injective to a projective passing through a morphism in rad∞(modA),
contradicting Section 1.6. ✷
4.6. Next result is essential in our considerations.
Proposition. Let A = B[M] be a weakly shod algebra with PfA = ∅, and where the
extended projective is a maximal element in PfA . Let Γ ′ be a component of ΓB containing
a summand of M . Then
(a) Γ ′ ∩LB = ∅.
(b) Γ ′ ∩RB = ∅.
(c) Γ ′ has no oriented cycles.
(d) Γ ′ is generalized standard.
Proof. Since A is weakly shod, there exists an n0 such that any path in indA from an
injective module to a projective module has length at most n0. Denote by Γ the component
of ΓA containing the extended projective P . If now Γ ′ is pip-bounded, then the result
follows from Section 1.6 and Corollary 3.4. So, we can assume that Γ ′ is a semiregular
component. Observe first that if Γ ′ ∩ LB = ∅, then, by Lemma 4.4, Γ ′ has a projective
module not lying in LB . By Section 3.8, Γ ′ is a pip-bounded component, a contradiction
and (a) is proven.
Case 1. Γ ′ has injective modules.
Observe that if Γ ′ is not generalized standard or if Γ ′ has oriented cycles, then,
by Proposition 3.7, Γ ′ ⊂ RB\LB , a contradiction to (a), which proves (c) and (d). By
Section 3.8, the injective modules in Γ ′ lie in RB , which proves (b).
Case 2. Γ ′ has no injective modules.
Let M ′ be an indecomposable summand of M lying in Γ ′. Observe that if M ′ lies
in an oriented cycle, there would also exist a path in indA from (0,M ′,0) to itself,
a contradiction to the fact that such a module lies in a pip-bounded component of ΓA.
So, M ′ does not lie in an oriented cycle, and in particular, it is not τB -periodic.
Claim. There exists an s such that τ sBM ′ ∈RB .
Suppose this is not true. Then, for each s  0, τ−sB M ′ has a successor of injective
dimension at least 2, and therefore, a successor which is a projective B-module. Since
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in indB from M ′ to a projective P ′ of length greater than r . Lifting the paths (θr) to paths
in indA one gets that, for each r  0, there exists a path θˆr from (0,M ′,0) to the projective
A-module (0,P ′,0) of length greater than r . Using Section 1.5 if necessary, it yields that
for each t  0, there exists a path in indA
(
0,M ′,0
)= Y0 f1−→ Y1 f2−→ · · · ft−→ Yt (ξt )❀ (0,P ′,0)
where f1, . . . , ft are irreducible and (ξt ) is a path of length greater than n0. Since Γ has
no oriented cycles and only finitely many τ -orbits, there exists a t such that Yt is either a
successor of the extended projective P or a successor of an injective. In the former case,
we get a path from P to (0,P ′,0) a contradiction to the maximality condition on P in PfA ,
while in the latter case, one gets a path from an injective to the projective (0,M ′,0) with
length greater than n0, and the claim is proven.
In particular,Γ ′ ∩RB = ∅, which proves (b). Suppose Γ ′ has projective modules. Then,
since Γ ′ ⊂ LB\RB , it follows from Proposition 3.7 that (c) and (d) hold. It remains the
case where Γ ′ is regular. If Γ ′ has oriented cycles, then Γ ′ is an stable tube and so M ′
would be τB -periodic, a contradiction, which proves (c). If Γ ′ is not generalized standard,
then clearly M ′ would lie in a cycle, again a contradiction and the proof is complete. ✷
4.7. We recall the following result from [7, (5.2)].
Theorem. Let A be a quasitilted algebra which is not tilted, and Γ be a component ΓA.
(a) If Γ contains a projective module, then Γ ⊆ LA\RA.
(b) If Γ contains an injective module, then Γ ⊆RA\LA.
4.8. Lemma. Let A= B[M] be a weakly shod algebra with PfA = ∅, where the extended
projective A-module is a maximal element in PfA and let B ′ be an indecomposable
summand of B . If Pf
B ′ = ∅, then B ′ is a tilted algebra.
Proof. By Lemma 4.5, we know that B is a product of connected weakly shod algebras.
Since, by hypothesis, Pf
B ′ = ∅, it yields that B ′ is in fact a quasitilted algebra. We shall
show that B ′ is a tilted algebra.
Let M ′ be an indecomposable summand of M which is a B ′-module and let Γ ′ be the
component of ΓB where M ′ lies. Hence, by Section 4.6, Γ ′ ∩ LB ′ = ∅. If now Γ ′ has
an injective module, we infer by Section 4.7 that B ′ is tilted. Suppose then that Γ ′ has
no injective modules. By Section 4.6, we have that Γ ′ ∩RB ′ = ∅. Therefore, if Γ ′ has
a projective module, then, by Section 4.7, B ′ is tilted and we are done. Suppose finally
that Γ ′ is regular. By Section 4.6, Γ ′ is also directed and then, by [4], Γ ′ is a connecting
component and B ′ is tilted. The result is proven. ✷
4.9. We shall now prove the main result of this paper.
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B = At, . . . ,A0 =A and Ai-modules Mi for each i = 1, . . . , t such that
(a) B is a product of tilted algebras.
(b) Ai =Ai+1[Mi+1] for each i = 0, . . . , t − 1.
(c) For each i = 0, . . . , t − 1, the algebra Ai is weakly shod and the extended projective
Ai -module is a maximal element in PfAi .
Proof. The proof is now very easy. Let A = A0 be a weakly shod algebra with PfA = ∅
and let P0 be a maximal element in PfA0 . Clearly, there exists an algebra A1 and an
A1-module M1 such that A0 =A1[M1] and the extended projective A0-module is P0. For
each indecomposable summand A′1 of A1 which is weakly shod with PfA′1 = ∅, we proceed
again as above. Iterating this procedure, one ends up with algebras B = At, . . . ,A0 = A
and Ai -modules Mi for each i = 1, . . . , t such that conditions (b) and (c) hold and such
that PfB = ∅. By Lemma 4.8, we have that B is a product of tilted algebras and the result
is proven. ✷
5. Uniqueness and faithfulness
5.1. Let A be a connected weakly shod algebra with PfA = ∅. Using the results of
Section 4, we shall show that ΓA has a unique pip-bounded component Γ which is
moreover faithful. Recall that in [17], Skowron´ski had studied the algebras containing a
generalized standard component without oriented cycles. From his main result, one can
get the following.
Theorem. Let A be an Artin algebra and let Γ be a connected component of ΓA. If Γ is
faithful, generalized standard and without oriented cycles, then there exist tilted algebras
A(l) and A(r) such that any component Γ ′ of ΓA different of Γ , satisfies one and only one
of the following conditions:
(a) Γ ′ is a component of ΓA(l) and HomA(X,Y ) = 0 for some X ∈ Γ ′ and Y ∈ Γ ; or
(b) Γ ′ is a component of ΓA(r) and HomA(X,Y ) = 0 for some X ∈ Γ and Y ∈ Γ ′.
5.2. Applying this to our context, we have the following.
Proposition. Let A be a weakly shod algebra and assume that ΓA has a faithful pip-
bounded component Γ . Then
(a) if Γ ′ is a component of ΓA different of Γ , then Γ ′ is semiregular and either Γ ′ ⊂
LA\RA or Γ ′ ⊂RA\LA;
(b) Γ is the unique pip-bounded component in ΓA;
(c) the intersection LA ∩RA is finite and it is contained in Γ .
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HomA(Γ,Γ ′) = 0 or HomA(Γ ′,Γ ) = 0 but not both. Assume the former. We will
show that Γ ′ ⊂ RA\LA. Observe that Γ ′ has no projective modules since otherwise
HomA(Γ ′,Γ ) = 0 because Γ is faithful, a contradiction to our hypothesis.
Claim. There exist modules X ∈ Γ ∩ (RA\LA) and X′ ∈ Γ ′ with rad∞A (X,X′) = 0.
Indeed, since HomA(Γ,Γ ′) = 0, there exists a nonzero morphism h ∈ rad∞A (Y,X′) with
Y ∈ Γ and X′ ∈ Γ ′. By Section 1.5, for each t  0, there exists a path (θt ):
Y = Y0 f1−→ Y1 →·· · ft−→ Yt h
′−→X′,
where f1, . . . , ft are irreducible and 0 = h′ ∈ rad∞A (Yt ,X′). So, there exists a right stable
module M such that rad∞A (τ
−r
A M,X
′) = 0 for infinitely many positive integers r . Since Γ
has injective modules, by Lemma 3.3, there exists an l1  0 such that τ−l1M /∈LA. So the
set B = {τ−iA M: i  l1} is infinite and has no modules in LA. Hence B ∩RA = ∅ because
LA ∪RA is cofinite in indA. This proves the claim.
Clearly, also, X′ ∈ Γ ∩ (RA\LA). If now Γ ′ is regular, then by Proposition 3.6,
Γ ′ ⊂ RA\LA as required. It remains to consider the case where Γ ′ is a semiregular
component with injective modules. In case Γ ′ is not generalized standard or contains
oriented cycles, the result follows from Proposition 3.7. Suppose then that Γ ′ is generalized
standard and has no oriented cycles. Hence, by Section 3.5, Γ ′ ⊂RA. In order to show that
Γ ′ ∩LA = ∅, consider a nonzero morphism g ∈ rad∞A (X,X′) = 0 with X ∈ Γ ∩ (RA\LA)
and X′ ∈ Γ ′ as in the claim. Using Section 1.5 and the above hypothesis on Γ ′, there
exists a left stable module Z ∈ Γ ′ such that for each i  0, τ iAZ is a successor of X. In
particular, the τA-orbit of Z has no modules in LA. By Section 3.2, Γ ′ ∩LA = ∅ and then
Γ ′ ⊂ RA\LA. If now HomA(Γ ′,Γ ) = 0, a similar argument shows that Γ ′ ⊂ LA\RA,
which proves (a).
Observe now that (b) follows from (a), and (c) is a clear consequence of (a), (b), and
Lemma 3.3. ✷
5.3. Lemma. Let A= B[M] be a weakly shod algebra with PfA = ∅, where the extended
projective module P is maximal in PfA . Let B ′ be an indecomposable summand of B and
let M ′ be an indecomposable summand of M which is a B ′-module.
(a) If ΓB ′ has a faithful pip-bounded component, then M ′ lies in it.
(b) If B ′ is tilted, then M ′ lies in a connecting component.
(c) If P ′ is an indecomposable projective B ′-module lying in the same component of ΓB
as M ′, then (0,P ′,0) and P lie in the same component of ΓA.
Proof. (a) By Section 4.6, we get that the component of ΓB ′ where M ′ lies has to intersect
LB ′ and RB ′ . The result now follows from Section 5.2.
(b) Let Γ ′ be the component of ΓB ′ where M ′ lies and suppose it is not connecting.
Since Γ ′ is directed (Section 4.6), then it is either postprojective or preinjective. Suppose
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modules. Hence, there are indecomposable projective B ′-modules P ′ ∈ Γ ′ and P ′′ /∈ Γ ′
and a morphism f :P ′ → P ′′ (which clearly belongs to rad∞(modB ′)). By Section 1.5,
for each t  0, there exists a path
P ′ =X0 f1−→X1 → ·· ·→Xt−1 ft−→Xt ❀ P ′′,
where f1, . . . , ft are irreducible maps. Hence there exists a module Y ∈ Γ ′ whose τB ′ -orbit
has infinitely many modules of projective dimension greater than 1. Hence, this τB ′ -orbit
has no module in RB ′ and so by Section 3.2, Γ ′ ∩RB ′ = ∅, contradicting Section 4.6.
If Γ ′ is a preinjective component but not connecting, a similar argument using injective
modules leads to a contradiction. This proves the result.
(c) Let Γ ′ be the component of ΓB ′ where M ′ lies, let P ′ ∈ Γ ′ be an indecomposable
projective module, and let Γ be the component of ΓA where the extended projective
module P lies. If there is no path from an indecomposable summand of M to P ′, then
(0,M ′,0) and P ′ lie both in Γ . In case there is such a path and (0,P ′,0) lies in a
component Γ ′′ different of Γ , then there exist X ∈ Γ , Y ∈ Γ ′′ and a nonzero morphism
f ∈ rad∞A (X,Y ). Using Section 1.5 if necessary, one can assume that X ∈ RA (see
Section 3.2 and Corollary 3.4) and it is either a successor of P or a successor of an injective
Section 1.11. Therefore, Γ ′′ ∩RA = ∅ and then Γ ′′ is generalized standard and without
oriented cycles (Proposition 3.7). Using again Section 1.5 if necessary, we can also assume
that Y is a predecessor of a projective P ′′ ∈ Γ ′′, leading to either a path from P to P ′′,
a contradiction to the maximality condition on P , or to a path from an injective to P ′′
passing through a morphism in rad∞(modA), also a contradiction (Remarks 2.4). ✷
5.4. We shall now prove our main result of this section.
Theorem. Let A be a connected weakly shod algebra with PfA = ∅. Then ΓA has a unique
pip-bounded component which is moreover faithful.
Proof. We shall use here the notations of the statement of Theorem of Section 4.9. Observe
that the algebra At−1 = B[Mt ] is a product of a connected weakly shod algebra A′t−1
with Pf
A′t−1
and tilted algebras (which are clearly summands of B). The Auslander–Reiten
quiver ΓA′t−1 has a pip-bounded component which is clearly faithful by Lemma 5.3. At
each further step of the one-point extension towards A, one can use again Lemma 5.3 to
get a product of an algebra with a unique and faithful pip-bounded component with tilted
algebras. The result now follows from the fact that A is connected. ✷
6. Consequences and example
6.1. We shall discuss here some direct consequences of our main results from Sections 4
and 5.
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(a) the ordinary quiver of A is directed;
(b) gl.dimA<∞.
Proof. (a) If PfA = ∅, then A is quasitilted and the result follows from [9]. Suppose
PfA = ∅. As we have seen, A is then built up from a (product of) tilted algebra(s) by
iterating one-point extensions. The result will now follow from the following easily verified
remarks: (i) the ordinary quiver of a tilted algebra is directed; and (ii) the process of one-
point extending an algebra does not produce cycles in its ordinary quiver.
(b) Is a direct consequence of (a). ✷
6.2. Let A be a connected weakly shod algebra with PfA = ∅, and let Γ be the unique
pip-bounded component of ΓA. We have seen in Section 5.1 that if Γ ′ is a component of
ΓA different from Γ , then it is a component of a tilted algebra. Using now the well-known
description of the Auslander–Reiten quiver of tilted algebras, we have the following. For
a weakly shod algebra A with PfA = ∅, the components of ΓA are of the following shape
(using the notations of Section 5.1):
(i) postprojective component(s) (those of ΓA(l) );
(ii) preinjective component(s) (those of ΓA(r) );
(iii) a unique and faithful pip-bounded component which is the unique nonsemiregular
component;
(iv) stable tubes;
(v) components of type ZA∞;
(vi) components constructed from tubes or from ZA∞ by ray or coray insertions.
Observe moreover that the components of ΓA(l) (or ΓA(r) ) which are embedded in ΓA
are semiregular without injective (respectively projective) modules and are contained in
LA\RA (respectively, in RA\LA) (see Section 5.2).
6.3. We finish the paper with an example to illustrate the construction discussed in the
previous sections.
Examples. Let A=A0 be the K-algebra given by the quiver ∆:
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ΓA0 has a pip-bounded component with the following shape:
Clearly, A0 is a representation-infinite weakly shod algebra. Observe that PfA = {P3,P5,
P6,P7,P8,P9}, where Pi indicates the indecomposable projective associated to the
vertex i . Also, P7 is the unique maximal element of PfA . Therefore, A can be seen as
one-point extension A0 = (A′1 ×A′′1)[S6 ⊗ S6 ⊗ S8] where A′1 is the algebra given by the
quiver:
with relations αiβ = 0 for i = 1,2, γ δε = 0, while A′′1 is the algebra given by the quiver:
with θξ = 0.
Observe that A′′1 is a tilted algebra of type A3 while A′1 is a weakly shod algebra whose
Auslander–Reiten quiver has a pip-bounded component with the following shape:
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1 =
A′2[τ−2A′1 S2], where A
′
2 is the algebra given by the following quiver:
with relations αiβ = 0 for i = 1,2. Clearly, A′2 is a tilting algebra. Using the notations
of Section 4.9, we have B = A2 = A′2 × A′′1, A1 = A′1 × A′′1, M1 = τ−2A′1 S2, and M0 =
S6 ⊗ S6 ⊗ S8.
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